10
Phan tich hoi qui tuyén tinh

Phén tich hdi qui tuyén tinh (linear regression analysis) co 1& 1a mot trong nhiing
phuong phap phén tich o liéu thong dung nhat trong thdng ké hoc. Anon ting viét “Cho
con ngudi 3 vil khi — hé sb twong quan, hdi qui tuyén tinh va mot cay but, con nguoi s¢
str dung ca ba”! Trong chuong ndy, toi s& gidi thiéu cach sir dung R dé phan tich hoi qui
tuyén tinh va cac phuong phap lién quan nhu hé sé twong quan va kiém dinh gia thiét
thong ké.

Vi du 1. Dé minh hoa cho van d¢, chung ta thir xem xét nghién ctru sau ddy, ma
trong d6 nha nghién ctru do ludng dd cholestrol trong mau cua 18 d6i tugng nam. Ti
trong co thé (body mass index) ciing dugc ude tinh cho mdi ddi twong bang cong thirc
tinh BMI 1 14y trong lwong (tinh biang kg) chia cho chiéu cao binh phuong (m?). Két qua
do luong nhu sau:

Bang 1. Do tudi, ti trong co thé va cholesterol

Mi s6 ID Do tudi BMI Cholesterol
(1d) (age) (bmi) (chol)
1 46 25.4 3.5

2 20 20.6 1.9

3 52 26.2 4.0

4 30 22.6 2.6

5 57 25.4 4.5

6 25 23.1 3.0

7 28 22.7 2.9

8 36 24.9 3.8

9 22 19.8 2.1
10 43 25.3 3.8
11 57 23.2 4.1
12 33 21.8 3.0
13 22 20.9 2.5
14 63 26.7 4.6
15 40 26.4 3.2
16 48 21.2 4.2
17 28 21.2 2.3
18 49 22.8 4.0

Nhin so qua s6 liéu ching ta thay ngudi c6 do tudi cang cao dd cholesterol cling
cang cao. Chung ta thir nhap so liéu nay vao R va vé mdt biéu do tan xa nhu sau:

> age <- c(46,20,52,30,57,25,28,36,22,43,57,33,22,63,40,48,28,49)



> bmi <-c(25.4,20.6,26.2,22.6,25.4,23.1,22.7,24.9,19.8,25.3,23.2,
21.8,20.9,26.7,26.4,21.2,21.2,22.8)

> chol <- ¢(3.5,1.9,4.0,2.6,4.5,3.0,2.9,3.8,2.1,3.8,4.1,3.0,
2.5,4.6,3.2, 4.2,2.3,4.0)

> data <- data.frame (age, bmi, chol)

> plot (chol ~ age, pch=16)
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Biéu d6 10.1. Lién hé gitra do tudi va cholesterol.

Biéu d6 10.1 trén day goi ¥ cho thdy mdi lién hé giira d6 tudi (age) va cholesterol 1a mot
duong thang (tuyén tinh). B¢ “do ludng” moi lién hé nay, chung ta c6 thé sir dung hé so
tuong quan (coefficient of correlation).

10.1 Hé sé twong quan

Hé 5O tu(rng quan (r) 1a mét chi s6 théng ké do luong mdi lién hé tuong quan gitra
hai bién so nhu gitra d6 tudi (x) va cholesterol (y). Hé s6 twong quan c6 gia tri tir -1 dén
1. Heé sb tuong quan bang 0 (hay gan 0) c6 nghia 1a hai bién s0 khong c6 lién hé gi voi
nhau; nguoc lai néu h¢ so bang -1 hay 1 c6 nghia 13 hai bién s6 c6 mot mdi lién hé tuyét
d6i. Néu gia tri ciia hé sé twong quan 1a am (r <0) co nghia la khi x tang cao thi y giam
(va nguoc lai, khi x giam thi y ting); néu gia tri hé sé twong quan 1a duong (r > 0) c6
nghia 1a khi x tdng cao thi y ciing tang, va khi x tdng cao thi y cling giam theo.



Thyc ra c6 nhiéu hé s6 twong quan trong thong ké, nhung ¢ day toi s& trinh bay 3
hé so tuong quan thong dung nhat: hé s6 tuong quan Pearson r, Spearman p, va Kendall
T.

10.1.1 Hé sé twong quan Pearson

Cho hai bién s0 x va y tir » mau, hé so0 twong quan Pearson dugc udc tinh bang
cong thirc sau day:

Trong d6, nhu dinh nghia phan trén, ¥ va y 1a gia tri trung binh cta bién sd x va
y. Dé wéc tinh hé sd tuong quan gitra dd tudi age va cholesterol, ching ta ¢6 thé sir
dung ham cor (x, y) nhu sau:

> cor (age, chol)
[1] 0.936726

Chung ta c6 thé kiém dinh gia thiét hé sb twong quan bang 0 (ttrc hai bién x va y
khong c6 lién h¢). Phuong phép kiém dinh nay thuong dua vao phép bién doi Fisher ma
R da c6 san mOt ham cor . test dé tién hanh viéc tinh toan.

> cor.test (age, chol)
Pearson's product-moment correlation

data: age and chol
t = 10.7035, df = 16, p-value = 1.058e-08
alternative hypothesis: true correlation is not equal to O
95 percent confidence interval:

0.8350463 0.9765306
sample estimates:

cor
0.936726

Két qua phan tich cho thiy kiém dinh t = 10.70 véi trj s6 p = 1.058¢-08; do do,
ching ta c6 bang chimg dé két luan rang mbi lién hé giita d6 tudi va cholesterol co y
nghia théng ké. Két luan nay ciing chinh 13 két luan ching ta da di dén trong phan phan
tich hdi qui tuyén tinh trén.

10.1.2 Hé sé twong quan Spearman p
Hé sb twong quan Pearson chi hop 1i néu bién s6 x va y tuan theo ludt phan phdi

chuin. Néu x va y khong tuan theo luat phan phdi chuan, chung ta phai sir dung mot hé
sO twong quan khac tén la Spearman, mot phuong phap phan tich phi tham s6. HE s6 nay



dugc udc tinh bang cach bién ddi hai bién s6 x va y thanh thir bac (rank), va xem do
tuong quan gitta hai diy sb bac. Do d6, hé sé con co tén tiéng Anh 1a Spearman’s Rank
correlation. R wdc tinh hé sb tuong quan Spearman bang ham cor.test véi thong sd
method="spearman” nhu sau:

> cor.test (age, chol, method="spearman")
Spearman's rank correlation rho

data: age and chol
S = 51.1584, p-value = 2.57e-09
alternative hypothesis: true rho is not equal to O
sample estimates:
rho
0.947205

Warning message:
Cannot compute exact p-values with ties in: cor.test.default (age,
chol, method = "spearman")

Két qua phan tich cho thiy gia tri rho = 0.947, va tri s6 p = 2.57¢-09. Két qua tir
phan tich nay cling khong khac véi phan tich hoi qui tuyén tinh: moi 1ién hé gitra do tudi
va cholesterol rat cao va c6 y nghia thong ké.

10.1.3 Hé sé twong quan Kendall t

Heé sb twong quan Kendall (cling 1a mét phuong phap phan tich phi tham s0) dugc
wdc tinh bang cach tim cac cip sd (x, ) “song hanh" v6i nhau. Mot cap (x, ) song hanh
¢ day dugc dinh nghia la hiéu (d0 khac biét) trén truc hoanh c6 cung dau hiéu (duong hay
am) v6i hiéu trén truc tung. Néu hai blen sO0 x va y khong c6 lién hé véi nhau, thi so cap
song hanh bang hay twong dwong véi s6 cip khong song hanh.

Boi vi c6 nhiéu cdp phai kiém dinh, phuong phép tinh toan hé sé tuong quan
Kendall doi héi thoi gian ctia may tinh kha cao. Tuy nhién, néu mot dir lidu dudi 5000
d6i tugng thi mot may vi tinh co thé tinh toan kha d& dang. R dung ham cor.test véi
thong s6 method="kendall” dé udc tinh h¢ sd tuong quan Kendall:

> cor.test (age, chol, method="kendall")
Kendall's rank correlation tau

data: age and chol
z = 4.755, p-value = 1.984e-06
alternative hypothesis: true tau is not equal to 0
sample estimates:
tau
0.8333333

Warning message:



Cannot compute exact p-value with ties in: cor.test.default (age,
chol, method = "kendall")

Két qua phan tich hé sé twong quan Kendall mét 1an nita khang dinh méi lién hé
gitra d6 tuoi va cholesterol c6 y nghia thong ké, vi hé so tau = 0.833 va tri s6 p = 1.98e-
06.

Céac hé sd twong quan trén diy do mirc do twong quan giira hai bién sd, nhung
khong cho ching ta mot phuong trinh dé ndi hai bién s6 d6 véi nhau. Thanh ra, van dé
dit ra 1a chung ta tim mot phuong trinh tuyén tinh dé mé ta méi lién hé nay. Chung ta sé
g dung mo hinh hdi qui tuyén tinh.

10.2 Md hinh cua héi qui tuyén tinh don gian
10.2.1 vai dong li thuyét

Pé tién viée theo ddi va mod ta méd hinh, goi do tudi cho c4 nhan i 1a x; va
cholesterol la y;. Odayi=1,2,3, ..., 18. M6 hinh hoi tuyén tinh phat biéu rang:

Vi=a+px +¢ [1]

Noi céach khac, phuong trinh trén gia dinh réng do cholesterol cia mot ca nhan béng mot
hang sd o cong v6i mot hé sb B lién quan dén d6 tudi, va mot sai sb &. Trong phuong
trinh trén, o 1a chdn (intercept, tirc gia tri lac x; =0), va B 1a d6 ddc (slope hay gradient).
Trong thuc té, o va B 13 hai thong sd (paramater, con goi 13 regression coefficient hay hé
Sé hdi qui), va &; 1a mot bién s6 theo luat phan phdi chuan véi trung binh 0 va phuong sai
(o

Cac thong s6 o, P va o phai dugc wdc tinh tir dir liéu. Phuong phap dé udc tinh
cac thong so nay la phuong phap binh phwong nho nhat (least squares method). Nhu tén
goi, phuong phap binh phuong nho nhét tim gié tri o, p sao cho Z[ V= (a + Bx, )]2 nho

i=1

nhat. Sau vai thao tac toan, c6 thé chimg minh dé dang rang, udc so cho a va 3 dap ting
diéu kién do¢ la:

va
a=y-px [3]



O day, ¥ va v la gia tri trung binh cta bién s6 x va y. Cha ¥, toi viét @ va B (v6i ddu
mil phia trén) 12 dé nhic nho rang ddy 1a hai wdc sd (estimates) ctia o va B, chtr khong
phai a va 3 (chung ta khong biét chinh xac o va 3, nhung chi c6 thé udc tinh ma thoi).

Sau khi d c6 udc sda va ,5’, ching ta ¢ thé uéc tinh do cholesterol trung binh
cho timg d6 tudi nhu sau:

y,=a+px

Tat nhién, j, & day chi 1a sb trung binh cho do tudi x;, va phan con lai (tic y,- ) goi la
phan du (residual). Va phuong sai ctia phan du c6 thé udc tinh nhu sau:

2 , \ , A 5 2
s~ chinh la uéc s6 cua o°.

Trong phan tich hdi qui tuyén tinh, thong thuong chﬁng ta mubn biét hé sb
[3 0 hay khac 0. Néu B bang 0, thi ciing c6 nghia la khong c6 mbi lién hé gi gitra x va 3
néu P khac véi 0, chung ta c6 bang ching dé phat biéu rang x va y ¢6 lién quan nhau. Pé
kiém dinh gia thiét p = 0 chung ta dung xét nghiém t sau day:

A

B

5#(7)

SE ( ,5’ ) c6 nghia 14 sai s6 chuan (standard error) cta udc s6 ,5’ . Trong phuong trinh trén,

t=

[3]

¢ tuan theo luat phan phdi ¢ véi bac tu do n-2 (néu that su p = 0).

10.2.2 Phan tich héi qui tuyén tinh don gian bang R

Ham 1m (viét tat tir linear model) trong R co thé tinh todn cac gid tri ciia &

va /3, ciing nhu s* mot cach nhanh gon. Chung ta tiép tuc voi vi du bang R nhu sau:

> 1lm(chol ~ age)

Call:

Im(formula = chol ~ age)
Coefficients:

(Intercept) age

1.08922 0.05779



Trong 1énh trén, “chol ~ age” cb nghia 1a mé ta chol 1a mot ham sb cta age. Két
qua tinh toan ctia 1m cho thiy @ = 1.0892 va ,B =0.05779. Noi cach khac, voi hai thong
s6 nay, ching ta ¢ thé udc tinh do cholesterol cho bat ctr d6 tudi ndo trong khoang tudi
ciia mau bang phuong trinh tuyén tinh:

$,=1.08922 + 0.05779 X age

Phuong trinh nay ¢ nghia 1a khi d¢ tudi ting 1 nam thi do cholesterol ting khoang 0.058
mmol/L.

That ra, hdm 1m con cung cap cho chung ta nhiéu thong tin khac, nhung chung ta phai
dua céc thong tin nay vao mét object. Goi object d6 1a reg, thi 1€nh s€ la:

> reg <- 1lm(chol ~ age)
> summary (reqg)

Call:
Im(formula = chol ~ age)
Residuals:
Min 10 Median 30 Max

-0.40729 -0.24133 -0.04522 0.17939 0.63040

Coefficients:

Estimate Std. Error t wvalue Pr(>|t])
(Intercept) 1.089218 0.221466 4.918 0.000154 **=*
age 0.057788 0.005399 10.704 1.06e-08 **=*

Signif. codes: 0O '***' (Q.001 '**' 0.01 '*' 0.05 '." 0.1 ' ' 1

Residual standard error: 0.3027 on 16 degrees of freedom
Multiple R-Squared: 0.8775, Adjusted R-squared: 0.8698
F-statistic: 114.6 on 1 and 16 DF, p-value: 1.058e-08

Lénh thtr hai, summary (reg), yéu cau R liét ké cac thong tin tinh todn trong reg. Phan
ket qua chia lam 3 phan:

(a) Phan 1 mé ta phan du (residuals) ctia mé hinh hdi qui:

Residuals:
Min 10 Median 30 Max
-0.40729 -0.24133 -0.04522 0.17939 0.63040

Chung ta biét rang trung binh phan du phai 13 0, va ¢ day, sd trung vi 1a -0.04, ciling
khong xa 0 bao nhiéu. Cac s6 quantiles 25% (1Q) va 75% (3Q) cung kha can d6i chung
quan s6 trung vi, cho thay phan du cua phuong trinh nay twong dbi can dbi.



(b) Phan hai trinh bay uéc sd cua a va B clng v6i sai s6 chuan va gia tri cua kiém dinh t.
Gia tri kiém dinh t cho B 13 10.74 v6i tri s6 p = 1.06e-08, cho thdy B khong phai bang 0.

Noi cach khéc, ching ta c6 bang chiing d¢ cho rang c6 mot moi li€n hé¢ gitra cholesterol
va do tudi, va moi lién h¢ nay c6 ¥y nghia thong ké.

Coefficients:

Estimate Std. Error t wvalue Pr(>|t])
(Intercept) 1.089218 0.221466 4.918 0.000154 **=*
age 0.057788 0.005399 10.704 1.06e-08 **x*

Signif. codes: O '***' (Q.001 '**' 0.01 '*' 0.05 '." 0.1 ' ' 1

(c) Phan ba ctia két qua cho chung ta thong tin vé phuong sai ctia phan du (residual mean
square) O day, s> = 0.3027. Trong két qua nay con co kiém dinh F, ciing chi 1a mot
kiém dinh xem c6 qua that B bang 0, tic c6 ¥ nghia tuong ty nhu kiém dinh t trong phan
trén. Noi chung, trong truong hop phan tich hoi qui tuyén tinh don gian (véi mot yéu td)
chung ta khong can phai quan tdm dén kiém dinh F.

Residual standard error: 0.3027 on 16 degrees of freedom
Multiple R-Squared: 0.8775, Adjusted R-squared: 0.8698
F-statistic: 114.6 on 1 and 16 DF, p-value: 1.058e-08

Ngoai ra, phan 3 con cho chung ta mot thong tin quan trong, d6 1a tri s6 R* hay hé s6 xdc
dinh boi (coefficient of determination). H¢ s6 nay duogc udc tinh bang cong thurc:

RP=E [6]
—\2
Zl(y =Y )
Tuc la bang tong binh phuong gura s6 woc tinh va trung binh chia cho tong binh phwong
5O quan sat va trung binh. Tri 6 R trong vi du nay la 0.8775, c6 nghia 1a phuong trinh
tuyén tinh (voi do tudi 1a mot yéu td) giai tthh khoang 88% cac khac biét vé do
cholesterol gilta cac c4 nhan. Tat nhién tri sO R? ¢o giatrita 0 den 100% (hay 1). Gia tri
R? cang cao la mot d4u hiéu cho thay mbi lién hé gitra hai bién sb d6 tudi va cholesterol
cang chdt ché.

Mot hé sb cling can dé cap ¢ day la h¢ s6 diéu chinh xdc dinh boi (ma trong Kkét
qua trén R goi 1a “Adjusted R-squared”). Day 1a hé sé cho ching ta biét mirc do cai tién
ctia phuong sai phan du (residual variance) do yéu t6 do tudi c6 mit trong md hinh tuyén
tinh. Noi chung, hé s6 nay khong khac may so voi hé sd xac dinh boi, va chung ta ciing
khong can chi tim qua mifc.

10.2.3 Gia dinh cua phan tich héi qui tuyén tinh

Tat ca cac phan tich trén dua vao mdt s gia dinh quan trong nhu sau:



(a) x 1a mot bién sb ¢ dinh hay fixed, (“cb dinh” & day c6 nghia la khong co sai sot ngau
nhién trong do luong);

(b) & phan phdi theo luat phan phéi chuan;
(c) & co gia tri trung binh (mean) 1a 0;
(d) & c6 phuong sai 6° ¢b dinh cho tit ca x;; va

(e) cac gia tri lién tuc cua & khong cé lién hé tuong quan voi nhau (nodi cach khac, & va &
khong ¢6 lién hé v6i nhau).

Néu cac gia dinh nay khong dwoc dap tmg thi phuong trinh ma ching ta wdc tinh
co Van dé hop li (validity). Do do, trude khi trinh bay va dién dich m6 hinh trén, chung
ta can phai kiém tra xem cac gia dinh trén c6 dap ung duoc hay khong. Trong trudong
hop nay, gia dinh (a) khong phai la Van dé, vi do tudi khong phai 1a mot bién sd ngiu
nhién, va khong c6 sai s6 khi tinh do tudi cia mot ca nhan.

Dbi v6i cac gia dinh (b) dén (e), cach kiém tra don gian nhung hitu hiéu nhat 1a
bang cach xem xét moi lién h¢ gitra y,, x,, va phan du e, (e, = y, —y,) bang nhiing do thi
tan xa.

Véilénh fitted () chung ta cé thé tinh toan ¥, cho tirng ca nhan nhu sau (vi du

ddi voi ca nhan 1, 46 tudi, do cholestrol ¢ thé tién doan nhu sau: 1.08922 + 0.05779
X 46 = 3.747).

> fitted(reqg)
1 2 3 4 5 6 7 8
3.747483 2.244985 4.094214 2.822869 4.383156 2.533927 2.707292 3.169600
9 10 11 12 13 14 15 16
2.360562 3.574118 4.383156 2.996234 2.360562 4.729886 3.400753 3.863060
17 18
2.707292 3.920849

Vé6i 1énh resid () ching ta co thé tinh toan phan du e, cho tirng c4 nhan nhu

sau (voi doitugng 1, e =3.5 — 3.74748 = -0.24748):
> resid(req)
1 2 3 4 5 6
-0.247483426 -0.344985415 -0.094213736 -0.222869265 0.116844338 0.466072660
7 8 9 10 11 12
0.192707505 0.630400424 -0.260562185 0.225881729 -0.283155662 0.003765579
13 14 15 16 17 18

0.139437815 -0.129885972 -0.200753116 0.336939804 -0.407292495 0.079151419

Pé kiém tra cac gia dinh trén, ching ta c6 thé v& mot loat 4 d6 thi ma t6i s& giai
thich sau day:



> op <- par (mfrow=c(2,2))
> plot(reqg)
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Biéu d0 10.2. Phén tich phan du dé kiém tra cac gia dinh trong phén tich hoi

qui tuyén tinh.

(a) D6 thi bén trai dong 1 v& phan du e, va gia tri tién doan cholesterol y,. D6 thi nay cho
thdy cac gia tri phan du tap chung quanh duong y = 0, cho nén gia dinh (c), hay & co gia

tri trung binh 0, 1a c6 thé chép nhan duoc.

(b) D6 thi bén phai dong 1 v& gia tri phan du va gia tri ki vong dua vao phan phdi chuan.
Chung ta thiy cac sb phan du tap trung rat gan cac gia tri trén duong chuan, va do do, gia
dinh (b), tirc & phan phdi theo luat phan phéi chuén, ciing c6 thé dap tng.

(c) PO thi bén trai dong 2 v& cin sd phan du chuan (standardized residual) va gia tri cua
»,. DO thi nay cho thay khong c6 gi khac nhau giira cac so phan du chuan cho céc gia tri

cua y,, va do do, gia dinh (d), tirc & cé phuong sai o ¢b dinh cho tit ca x;, ciing c6 thé

dap ung.




Noi chung qua phén tich phan du, ching ta co thé két luan rang md hinh hdi qui tuyén
tinh mo ta mbi lién hé gitta d6 tudi va cholesterol mot cach kha day da va hop li.

10.2.4 MO hinh tién doan

Sau khi mé hinh tién doan cholesterol di dwoc kiém tra va tinh hop 1i da dugc
thiét 1ap, ching ta c6 thé v€ duong bicéu dién cua moi lién h¢ gitra do tudi va cholesterol
bang Iénh abline nhu sau (xin nhac lai object cua phan tich la reg):

> plot (chol ~ age, pch=16)
> abline (reqg)
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Biéu d6 10.3. Puong biéu dién mdi lién hé giira d6 tudi (age)
va cholesterol.

Nhung mdi gia tri , dugc tinh tir wéc s6 a va B, ma cac udc sb nay déu co sai
s6 chuén, cho nén gia tri tién doan ¥, cling co sai s0. Noi cach khac, », chi la trung binh,
nhung trong thuc té c6 thé cao hon hay thip hon tiy theo chon mau. Khodang tin cdy
95% nay c6 the udce tinh qua R bang cac 1é€nh sau day:

> reg <- lm(chol ~ age)
> new <- data.frame(age = seqg(l5, 70, 5))



> pred.w.plim <- predict.lm(reg, new, interval="prediction")
> pred.w.clim <- predict.lm(reg, new, interval="confidence")
> resc <- cbind(pred.w.clim, new)

> resp <- cbind(pred.w.plim, new)

> plot (chol ~ age, pch=16)

> lines (rescS$fit ~ resc$age)

> lines (resc$lwr ~ rescS$Sage, col=2)

> lines (rescSupr ~ rescS$Sage, col=2)

> lines (respS$Slwr ~ respSage, col=4)

> ( )

lines (respSupr ~ respS$age, col=4
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Biéu d0 10.4. Gia trj tién doan va khoang tin cay 95%.

Biéu d6 trén vé& gid tri tién doan trung binh ¥, (duong thang mau den), va khoang tin ciy
95% cua gia tri nay la duong mau do. Ngoai ra, dudng mau xanh 1a khoang tin c@y cua
gia trj tién doan cholesterol cho mot d6 tudi mai trong quan thé.

10.3 M6 hinh hoéi qui tuyén tinh da bién (multiple linear
regression)

M6 hinh dugc dién dat qua phuong trinh [1] y, = + fx, +&, c6 mot yéu t6 duy
nhat (d6 1a x), va vi thé thuong duge goi 1a mo hinh hdi qui tuyén tinh don gian (simple



linear regression model). Trong thuc té, ching ta c6 thé phat trién mo hinh nay thanh
nhiéu bién, chir khong chi gidi han mdt bién nhu trén, chang han nhu:

noi cu thé hon:

yvi=a+Bx,+Bx, +..+Bx, +e [7]

yvi=a+ Bixp + Poxa + ..
Va=o+ Brxin+ Poxan + ..
Y=o+ Bzt Poxas + ..

Yn=a + B1x1n+ BZx2n+ ..

A Brxkn + o€
A Brxie T €2
A Brxis + €3

+ BxXkn T €n

Chu y trong phuong trinh trén, ching ta c6 nhidu bién x (x1, xa, ... dén x;), va mdi bién co
mot thong s6 S, (j = 1, 2, ..., k) can phai udc tinh. Vi thé mo hinh nay con duoc goi la

md hinh hdi qui tuyén tinh da bién.

Phuong phap udce tinh S, cing chu yéu dua vao phuong phap binh phuong nho

nhat. Goi J, =d+ ,élxli + ,bA’lel. +..t ﬁkxk[ la wdc tinh cua y; , phuong phap binh phuong

nho nhét tim gia tri &, 4, ..., B, sa0 cho D' (y,~7) nho nhat. DS voi md hinh hdi

i=1

qui tuyén tinh da bién, cach viét va mo ta mo hinh gon nhit 1a dung ki hiéu ma tran. Mo
hinh [7] c6 thé thé hién bang ki hi€u ma tran nhu sau:

Y=XB+¢

Trong do: Y 1a mét vector n X 1, X 1a mot matrix n X k phﬁn tur, B va mot vector £ X 1, va
€ la vector gdm n X 1 phan tu:

Vi

Y=y2 ,

Y

Lox, xy g B

I x, x, X2 _ b _
) ﬂ - ) &=

1 xln x2n xkn ﬂk

Phuong phép binh phuong nho nhét giai vector p bang phuong trinh sau day:

B=(x"x)"x"

va téng binh phuong phan du:

2

ng:HY—I?

Y



Vi du 2. Ching ta quay lai nghién clru vé méi lién hé gifra do tudi, bmi va
cholesterol. Trong vi dy, ching ta chi m(n xet mdi lién hé gitta d6 tudi va cholesterol, ma
chwa xem dén mdi lién h¢ gilta ca hai yéu to do tu01 vabmi va cholesterol. Biéu do sau
day cho chung ta thiy mdi lién hé giita ba bién s6 nay:

> pairs(data)
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Biéu do 10.5. Gia tri tién doan va khodng tin cdy 95%.

Ciing nhu giira do tudi va cholesterol, mdi lién hé giita bmi va cholesterol ciing gan tuan
theo mot dudng thang. Biéu dd trén con cho ching ta thiy do tudi va bmi c6 lién hé véi
nhau. That vy, phan tich hdi qui tuyén tinh don gian gitra bmi va cholesterol cho thay
nhu méi lién hé nay c6 ¥ nghia thong keé:

> summary (lm(chol ~ bmi))

Call:
Im(formula = chol ~ bmi)
Residuals:
Min 10 Median 30 Max

-0.9403 -0.3565 -0.1376 0.3040 1.4330

Coefficients:
Estimate Std. Error t value Pr(>|t])



(Intercept) -2.83187 1.60841 -1.761 0.09739
bmi 0.26410 0.06861 3.849 0.00142 **

Signif. codes: 0 '***' (0.001 '**' 0.01 '*' 0.05 '.' 0.1 " ' 1

Residual standard error: 0.623 on 16 degrees of freedom
Multiple R-Squared: 0.4808, Adjusted R-squared: 0.4483
F-statistic: 14.82 on 1 and 16 DF, p-value: 0.001418

BMI giai thich khoang 48% d6 dao dong vé cholesterol giita cac ca nhan. Nhung vi BMI
cling c6 lién h¢ voi do tudi, chung ta mudn biét néu hai yéu té nay dugc phén tich cung
mot lac thi yeu t6 nao quan trong hon. Dé biét anh huong cua ca hai yéu t6 age (x1) va
bmi (tam goi 12 x,) dén cholesterol (v) qua mot mo hinh hdi qui tuyén tinh da bién, va mo
hinh do la:

v =a+ fx; + Bx, &

hay phuong trinh ciing c6 thé mé ta bang ki hiéu ma tran: Y = XP + & ma t6i vira trinh
bay trén. O day, Y 1a mdt vector vector 18 x 1, X 1a mot matrix 18 x 2 phﬁn tu, B va mot
vector 2 X 1, va €13 vector gdbm 18 x 1 phan tir. Dé udc tinh hai hé s6 hdi qui, B; va
[, ching ta cling tng dung ham 1m () trong R nhu sau:

> mreg <- lm(chol ~ age + bmi)
> summary (mreqg)

Call:
Im(formula = chol ~ age + bmi)

Residuals:
Min 10 Median 30 Max
-0.3762 -0.2259 -0.0534 0.1698 0.5679

Coefficients:

Estimate Std. Error t wvalue Pr(>|t])
(Intercept) 0.455458 0.918230 0.496 0.627
age 0.054052 0.007591 7.120 3.50e-06 ***
bmi 0.033364 0.046866 0.712 0.487

Signif. codes: 0 '"***' (0.001 '**' 0.01 '*' 0.05 '." 0.1 " ' 1

Residual standard error: 0.3074 on 15 degrees of freedom
Multiple R-Squared: 0.8815, Adjusted R-squared: 0.8657
F-statistic: 55.77 on 2 and 15 DF, p-value: 1.132e-07

Két qua phan tich trén cho thdy udc sé @ = 0.455, f, = 0.054 va f3, =0.0333. Noi cach
khéc, ching ta c6 phuong trinh uéc doan do cholesterol dua vao hai bién sd do tudi va
bmi nhu sau:



Cholesterol = 0.455 + 0.054(age) + 0.0333 (bmi)

Phuong trinh cho biét khi d6 tudi tang 1 ndm thi cholesterol tang 0.054 mg/L (udc s6 nay
khong khac may so véi 0.0578 trong phuong trinh chi c6 do tudi), va mbi 1 kg/m” ting
BMI thi cholesterol ting 0.0333 mg/L. Hai yéu tb nay “giai thich” khoang 88.2% (R* =

0.8815) do dao dong cua cholesterol giita cac ca nhan.

Chung ta cha y phuong trinh véi d6 tudi (trong phan tich phan trudc) giai thich
khoang 87.7% d6 dao dong cholesterol giira cac ca nhan. Khi chung ta thém yéu té BMI,
hé sb nay tang lén 88.2%, tac chi 0.5%. Cau hoi dat ra 1a 0.5% tang trudng nay co y
nghia thong ké hay khong. Cau tra 1i c6 thé xem qua két qua kiém dinh yéu t6 bmi voi
tri 6 p = 0.487. Nhu vay, bmi khong cung cip cho ching thém thong tin hay tién doan
cholesterol hon nhiing gi chung ta da c6 tir do tudi. Néi cach khac, khi do tudi da duoc
xem x¢t, thi anh huong cua bmi khong con y nghia thdng ke. Dleu nay c6 thé hiéu dugc,
boi vi qua Biéu do 10.5 chung ta thay do tudi va bmi c6 mot moi lién hé kha cao. Vi hai
bién nay c6 tuong quan voi nhau, chung ta khong can ca hai trong phuong trinh. (Tuy
nhién, vi dy nay chi c¢é tinh cach minh hoa cho viéc tién hanh phan tich hoi qui tuyén tinh
da bién bang R, chir khong ¢ ¥ dinh md phong dit liéu theo dinh hudng sinh hoc).
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Biéu d6 10.6. Phan tich phan du d¢€ kiém tra cac gia dinh trong
phén tich hoi qui tuyén tinh da bién.

Tuy BMI khong c6 y nghia thong ké trong trudng hop nay, Biéu d6 10.6 cho thay
cac gia dinh vé mé hinh hdi qui tuyén tinh co thé dap tng.



10.4 Phan tich h6i qui da thirc (Polynomial regression
analysis)

Mot khai trién tat nhién tir phan tich hdi qui da bién doc 1ap 1a phan tich h01 qui
da thtirc. M6 hinh hoi qui da bién mo ta mot bién phu thudc nhu 13 mot hdam s6 tuyén tinh
(linear function) cua nhiéu bién doc 1ap, trong khi d6 mo6 hinh hoi qui da thirc mé td mot
bién phu thudc 12 hdm sé phi tuyén tinh (non-linear function) cia mot bién doc lap.

Noi theo ngdn ngir toan hoc, mo hinh hdi qui da thirc tim mai lién hé giita bién
phu thudc y va bién ddc 1ap x theo nhitng ham so sau day:

vi=a+ fx+ o+ B L+ B+ g

Trong d6 cac théng sd B G=12,3,...p)lahé s6 do luong mbi lién hé gitta y va x; va
1a phan du ctia mé hinh, v6i gia dinh & tuan theo luat phan phdi chuan véi trung binh 0
va phuong sai o*. Cho mot day cap sb 01, x1), (072, x2), (3, X3), ..., (Vn, Xn), chling ta cod
thé 4p dung phuong phéap binh phuong nho nhat dé uéc tinh 4 va o

Trong mo hinh trén, chiing ta c6 thé d& dang thay rang mo hinh hoi qui da thirc
con 12 mot phat trién truc tiép tir mé hinh hdi qui tuyén tinh don gian. Tac la néu B =0,
B =0, ..., va B, =0, thi mo6 hinh trén don gian thanh mé hinh hoéi qui tuyén tinh mot
bién ma chung ta gip trong phan du cta chuong niy. Néu y; = a + Bix + Bx’ + & thi
mo hinh don gidn 1a mét phuong trinh bac hai, v.v.

Vi du 3. Thi nghiém sau ddy tim mdi lién hé gitta ham luong gb culng
(hardwoord concentration) va do cang (tensile strength) cua vat liu. Muoi chin vt liéu
khac nhau vé&i nhiéu ham lugng gd cing dugc thir nghiém dé do d6 cang manh cua vat
lidu, va két qua duoc tom luoc trong bang sb lidu sau day:

Id Ham luong | Do cang
gd cling (x) | manh (y)

1 1.0 6.3

2 1.5 11.1

3 2.0 20.0

4 3.0 24.0

5 4.0 26.1

6 4.5 30.0

7 5.0 33.8

8 5.5 34.0

9 6.0 38.1

10 6.5 39.9

11 7.0 42.0

12 8.0 46.1




13 9.0 53.1 )
14 10.0 52.0 Trudce khi phﬁn tich cac so li€u nay, ching ta
15 11.0 52.5 can nhap so liéu vao R v&i nhitng 1énh thong
16 12.0 48.0 thuong nhu sau:
17 13.0 42.8
> id <- 1:19
18 14.0 27.8 > conc <- ¢(1.0, 1.5, 2.0, 3.0, 4.0,
19 15.0 21.9 4.5, 5.0, 5.5, 6.0,

6.5, 7.0, 8.0, 9.0, 10.0, 11.0, 12.0, 13.0, 14.0, 15.0)
> strength <- ¢(6.3, 11.1, 20.0, 24.0, 26.1, 30.0, 33.8, 34.0, 38.1,
39.9, 42.0, 46.1, 53.1, 52.0, 52.5, 48.0, 42.8, 27.8, 21.9)
> data <- data.frame(id, conc, strength)

Chung ta thir xem mo hinh héi qui tuyén tinh don gian bang Iénh:

> simple.model <- lm(strength ~ conc)
> summary (simple.model)

Call:
Im(formula = strength ~ conc)
Residuals:

Min 10 Median 30 Max

-25.986 -3.749 2.938 7.675 15.840

Coefficients:
Estimate Std. Error t value Pr(>|t])
(Intercept) 21.3213 5.4302 3.926 0.00109 **
conc 1.7710 0.60478 2.734 0.01414 ~*
Signif. codes: 0 '***' (Q.001 '**' 0.01 '*' 0.05 '.' 0.1 " ' 1

Residual standard error: 11.82 on 17 degrees of freedom
Multiple R-Squared: 0.3054, Adjusted R-squared: 0.2645
F-statistic: 7.474 on 1 and 17 DF, p-value: 0.01414

Két qua trén cho thdy mo hinh hoi qui tuyén tinh don gian ndy (strength = 21.32
+ 1.77*conc) giai thich khoang 31% phuong sai cua st rength. UdGc so phuong sai
ctia md hinh nay 1a: s* = (11.82)*= 139.7.

Bay gid chiing ta xem qua biéu do va duong biéu dién ciia mo hinh trén:

> plot (strength ~ conc,

xlab="Concentration of hardwood",

ylab="Tensile strength",

main="Relationship between hardwood concentration \n and tensile
strengt", pch=16)

> abline(simple.model)
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Biéu d6 10.7. Mbi lién hé giita ham luong gb
ctng va do cing manh cua vat liu. Duong thing
1a duong biéu dién cta md hinh hdi qui tuyén tinh
don gian.

Qua biéu dd nay, chung ta thdy rd
rang mo hinh hoi qui tuyén tinh
khong thich hop cho s6 liéu, boi vi
mdi lién hé gita hai bién nay
khong tuan theo mot phuong trinh
duong thang, ma la mot duong
cong. Noi cach khac, mot mé hinh
phuong trinh bac hai c6 1€ thich
hop hon. Goi y 1a strength va x 1a
conc, chung ta c6 thé viét mo hinh
doé nhu sau:

vi=a+ fx+ p’

Bay gio chung ta s& sir diung R dé
udc tinh ba thong so trén.

> gquadratic <-
poly(conc, 2))
> summary (quadratic)

Im(strength ~

Call:

Im(formula = strength ~ poly(conc, 2))
Residuals:

Min 10 Median 30 Max
-5.8503 -3.2482 -0.7267 4.1350 6.5500
Coefficients:

Estimate Std. Error t wvalue Pr(>|t])

(Intercept) 34.184 1.014 33.709 2.73e-16 ***
poly(conc, 2)1 32.302 4.420 7.308 1.76e-06 ***
poly(conc, 2)2 -45.396 4,420 -10.270 1.89e-08 **x*
Signif. codes: 0 '***x' (Q.,001 '"**' 0.01 '*' 0.05

Residual standard error: 4.42 on 16 degrees

0.1

of freedom
0.8971

Multiple R-Squared: 0.9085, Adjusted R-squared:
F-statistic: 79.43 on 2 and 16 DF, p-value: 4.912e-09

Nhu vay, mo6 hinh méi nay vy
khoang 91% phuong sai cua y. Phuong sai cua y bay gio 1a s

mo hinh tuyén tinh, mé hinh nay 3 rang 13 tot hon rat nhiéu.

Chung ta thir xét mot mo hinh cubic (béc ba) y; =
mo ta y tot hon mo hinh phuong trinh bac hai hay khong.

> cubic <- Im(strength ~ poly(conc,
> summary (cubic)

3))

34.18 + 32. 3o*x — 45.4*x* giai thich
= (4.42)* =19.5. So v6i

a+ fix + Bx’ + fix’ xem co



Call:
Im(formula = strength ~ poly(conc, 3))

Residuals:
Min 10 Median 30 Max
-4.62503 -1.61085 0.04125 1.58922 5.02159

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 34.1842 0.5931 57.641 < 2e-16 ***
poly(conc, 3)1 32.3021 2.5850 12.496 2.48e-09 **x*
poly(conc, 3)2 -45.3963 2.5850 -17.561 2.06e-11 ***
poly(conc, 3)3 -14.5740 2.5850 -5.638 4.72e-05 ***
Signif. codes: 0 'x*x' (Q,001 '**' 0.01 '*' 0.05 '.'" 0.1 " ' 1

Residual standard error: 2.585 on 15 degrees of freedom
Multiple R-Squared: 0.9707, Adjusted R-squared: 0.9648
F-statistic: 165.4 on 3 and 15 DF, p-value: 1.025e-11

M5 hinh cubic nay tham chi c6 kha ning mé ta y tot hon hai mé hinh trudc, véi
hé sb xac dinh bdi (R?) bang 0.97, va tit ca cac théng sb trong mé hinh déu ¢ ¥ nghia
thong ké. Biéu d6 sau day so sanh 3 md hinh trén:

# 1ap lai cac mo hinh trén:

> linear <- lm(strength ~ conc)

> quadratic <- lm(strength ~ poly(conc, 2))
> cubic <- Im(strength ~ poly(conc, 3))

# tao nén mot bién x véi nhicéu s6 gan nhau
> xnew <- (0:160)/10

# Tinh gia tri tién doan (predictive values) ciia 'y
> y2 = predict(quadratic, data.frame (conc=xnew))
> y3 = predict(cubic, data.frame (conc=xnew))

# Ve 3 duong thang, bac hai va bac 3

> plot (strength ~ conc, pch=16,
main="Hardwood concentration and tensile strength”,
sub="Linear, quadratic, and cubic fits”)

> abline(linear, col="black”)

> lines (xnew, y2, col="blue”, lwd=3)

> lines(xnew, y3, col="red”, lwd=4)



Hardwood concentration and tensile strength
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10.5 Xay dwng mé hinh tuyén tinh tr nhiéu bién

Trong mdt nghién ctru thong thuong véi mot bién sb phu thudc, nhiéu bién sd doc
1ap x1, x2, X3,...., Xy, Ma k cO thé 1én dén hang chuc, tham chi hang tram. Céc bién doc lap
d6 thuong lién hé voi nhau. C6 rat nhiéu t6 hop bién doc 14p c6 kha ning tién doan bién
phu thudc y. Vi du néu chung ta ¢6 3 bién doc 1ap xi, x,, va x3, dé xay dung mo hinh tién
doan y, chung ta c6 thé phai xem xét cac mo hinh sau ddy: y = fi(x)), v = fa(x2), y =
f3x3), ¥ = fa(xi, x2), ¥ = f5(x1, X3)), ¥ = fo(X3, X3), ¥ = fa(x1, X2, X3), V.v... trong do fi la
nhing ham s6 duoc dinh nghia boi hé so lién quan dén cac bién cu thé. Khi k cao, sb
luong mé hinh ciing 1én rét cao.

Van dé dat ra 1a trong cic mo hinh d6, mé hinh nao cé thé tién doan y mot cach
day du, don gian va hop li. Toi s€ quay lai ba ti€u chuan nay trong chuong phén tich hoi
qui logistic. 0 day, 61 chi mudn ban dén mot tiéu chuan théng ké dé xay dyng m mo
hinh hdi qui tuyén tinh. Trong truong hop c6 nhiéu mé hinh nhur thé, tiéu chuan thong ké
dé chon mot mo hinh tdi vu thuong dya vao tiéu chuén thong tin Akaike (con goi 1a AIC
hay Akaike Information Criterion).

Cho mdt mé hinh hdi qui tuyén tinh . =&+ Bx, + f,x, +...+ f,x,, ching ta c6

k+1 thong sb &, ﬁl, ,32,..., ﬂAk ), va c6 thé tinh téng binh phwong phan du (residual sum of
squares, RSS):

RSS = Zn:( P -
i=1



Trong d6, n 1a s6 lugng mau. Cong thirc trén cho thiy néu mo hinh mé ta y day du thi
RSS sé& thap, vi do khac biét giita gia tri tién doan $ va gia tri quan sat y gan nhau. Mot
qui luat chung ctia phan tich hdi qui tuyén tinh 14 mot mo hinh véi & bién doc lap s& co
RSS thap hon m6 hinh véi k-1 bién; va twong tw mo hinh vé6i k-1 bién s& c6 RSS thiap hon
md hinh voi k-2 bién, v.v... Néi cach khac, mé hinh cang ¢6 nhiéu bién doc 1ap s& “giai
thich” y cang t6t hon. Nhung vi mot sd bién doc 1ap x lién hé voi nhau, cho nén ¢ thém
nhiéu bién khong c6 nghia 1a RSS s¢ giam mot cach c6 y nghia. Mot phép tinh dé dung
hoa RSS va sb bién doc lap trong mot mé hinh la AIC, dugc dinh nghia nhu sau:

AIC =log (R—SSJ + 2k
n

n
Mo hinh ndo cé gia tri AIC thap nhit dugc xem 1a mé hinh “t6i wu”. Trong vi du sau
day, chung ta s€ dung ham step dé tim mot mo hinh t6i1 vu dua vao gia tri AIC.

Vi du 4. Dé nghién ctru anh hudng cia cac yéu té nhu nhiét do, thoi gian, va
thanh phan héa hoc dén san luong CO,. S6 lidu cua nghién ciru nay ¢ thé tom lugc
trong bang s6 2. Muc tiéu chinh ctia nghién ciru 1a tim mot mé hinh hdi qui tuyén tinh dé
tién doan san lugng CO,, ciing nhu danh gia do anh hudng ciia cac yéu td nay.

Bang 2. San lwong CO; va mdt s6 yéu t6 c6 thé anh huwéng dén CO,

Id y X1 X2 X3 X4 X5 X6 X7

1 36.98 5.1 400 51.37 4.24 1484.83 | 2227.25 2.06
2 13.74 26.4 400 72.33 30.87 289.94 434.90 1.33
3 10.08 23.8 400 71.44 33.01 320.79 481.19 0.97
4 8.53 46.4 400 79.15 44.61 164.76 247.14 0.62
5 36.42 7.0 450 80.47 33.84 1097.26 | 1645.89 0.22
6 26.59 12.6 450 89.90 41.26 605.06 907.59 0.76
7 19.07 18.9 450 91.48 41.88 405.37 608.05 1.71
8 5.96 30.2 450 98.60 70.79 253.70 380.55 3.93
9 15.52 53.8 450 98.05 66.82 142.27 213.40 1.97
10 56.61 5.6 400 55.69 8.92 1362.24 | 2043.36 5.08
11 26.72 15.1 400 66.29 17.98 507.65 761.48 0.60
12 20.80 20.3 400 58.94 17.79 377.60 566.40 0.90
13 6.99 48.4 400 74.74 33.94 158.05 237.08 0.63
14 45.93 5.8 425 63.71 11.95 130.66 1961.49 2.04
15 43.09 11.2 425 67.14 14.73 682.59 1023.89 1.57
16 15.79 27.9 425 77.65 34.49 274.20 411.30 2.38
17 21.60 5.1 450 67.22 14.48 1496.51 | 2244.77 0.32
18 35.19 11.7 450 81.48 29.69 652.43 978.64 0.44
19 26.14 16.7 450 83.88 26.33 458.42 687.62 8.82
20 8.60 24.8 450 89.38 37.98 312.25 468.38 0.02
21 11.63 24.9 450 79.77 25.66 307.08 460.62 1.72
22 9.59 39.5 450 87.93 22.36 193.61 290.42 1.88
23 4.42 29.0 450 79.50 31.52 155.96 233.95 1.43
24 38.89 5.5 460 72.73 17.86 1392.08 | 2088.12 1.35
25 11.19 11.5 450 77.88 25.20 663.09 994.63 1.61
26 75.62 5.2 470 75.50 8.66 1464.11 | 2196.17 4.78




| 27 | 36.03 ] 10.6 | 470 | 8315 | 2239 [ 720.07 | 1080.11 [ 5.88

Chu thich: y = san lugng CO,; X1 = thoi gian (phut); X2 =nhiét d¢ (C); X3 = phan tram hoa tan; X4 =
lwong dau (g/ 100g); X5 = luong than da; X6 = téng s6 lugng hoa tan; X7 = sé hydrogen tiéu thu.

Trude khi phan tich sb liéu, chung ta can nhap sd liéu vao R bang cac 1énh thong thuong.
S0 liéu sé chira trong doi tugng REGdata.

>y <- c(36.98,13.74,10.08, 8.53,36.42,26.59,19.07, 5.96,15.52,56.61,
26.72,20.80, 6.99,45.93,43.09,15.79,21.60,35.19,26.14, 8.60,
11.63, 9.59, 4.42,38.89,11.19,75.62,36.03)
> x1 <- c¢(5.1,26.4,23.8,46.4, 7.0,12.6,18.9,30.2,53.8,5.6,15.1,20.3,48.4,
5.8,11.2,27.9,5.1,11.7,16.7,24.8,24.9,39.5,29.0, 5.5, 11.5,
5.2,10.6)
> x2 <- c(400,400, 400, 400, 450, 450, 450, 450, 450, 400, 400, 400,
400, 425, 425, 425, 450, 450, 450, 450, 450, 450, 450, 460,
450, 470, 470)
> x3 <- ¢(51.37,72.33,71.44,79.15,80.47,89.90,91.48,98.60,98.05,55.69,
66.29,58.94,74.74,63.71,67.14,77.65,67.22,81.48,83.88,89.38,
79.77,87.93,79.50,72.73,77.88,75.50,83.15)
> x4 <- c(4.24,30.87,33.01,44.61,33.84,41.26,41.88,70.79,66.82,
8.92,17.98,17.79,33.94,11.95,14.73,34.49,14.48,29.69,26.33,
37.98,25.66,22.36,31.52,17.86,25.20, 8.66,22.39)
> x5 <- c(1484.83, 289.94, 320.79, 164.76, 1097.26, 605.06, 405.37,
253.70, 142.27,1362.24, 507.65, 377.60, 158.05, 130.66,
682.59, 274.20, 1496.51, 652.43, 458.42, 312.25, 307.08,
193.61, 155.96,1392.08, 663.09,1464.11, 720.07)
> x6 <- c(2227.25, 434.90, 481.19, 247.14,1645.89, 907.59, 608.05,
380.55, 213.40,2043.36, 761.48, 566.40, 237.08,1961.49,1023.89,
411.30,2244.77, 978.64, 687.62, 468.38, 460.62, 290.42,
233.95,2088.12, 994.63,2196.17,1080.11)
> x7 <- ¢(2.06,1.33,0.97,0.62,0.22,0.76,1.71,3.93,1.97,5.08,0.60,0.90,
0.63,2.04,1.57,2.38,0.32,0.44,8.82,0.02,1.72,1.88,1.43,
1.35,1.61,4.78,5.88)

> REGdata <- data.frame(y, x1,x2,x3,x4,x5,x6,x7)

Trude khi phén tich s6 liéu, chung ta can nhap sé liéu vao R bang cac 1énh théng thudng.
S6 li¢u s€ chura trong doi tugng REGdata.

Bay gid chung ta bat dau phan tich. M6 hinh ddu tién 1a mé hinh gom tat ca 7 bién doc
lap nhu sau:

> reg <- Im(y ~ x1+x2+x3+x4+x5+x6+x7, data=REGdata)
> summary (reqg)

Call:
Im(formula = y ~ x1 + x2 + x3 + x4 + x5 + x6 + x7, data = REGdata)

Residuals:
Min 10 Median 30 Max
-20.035 -4.681 -1.144 4.072 21.214

Coefficients:
Estimate Std. Error t wvalue Pr(>|t])
(Intercept) 53.937016 57.428952 0.939 0.3594



x1 -0.127653 0.281498 -0.453 0.6553

x2 -0.229179 0.232643 -0.985 0.3370

x3 0.824853 0.765271 1.078 0.2946

x4 -0.438222 0.358551 -1.222 0.2366

x5 -0.001937 0.009654 -0.201 0.8431

X6 0.019886 0.008088 2.459 0.0237 *

x7 1.993486 1.089701 1.829 0.0831

Signif. codes: O '***' (0,001 '**' 0.01 '*' 0.05 '." 0.1 " ' 1

Residual standard error: 10.61 on 19 degrees of freedom
Multiple R-Squared: 0.728, Adjusted R-squared: 0.6278
F-statistic: 7.264 on 7 and 19 DF, p-value: 0.0002674

Két qua trén cho thay tat ca 7 bién s6 “giai thich” khoang 73% phuong sai ctia y. Nhung
trong 7 bién do, chi c6 x6 1a cé y nghia thong ké (p = 0.024). Chung ta thir gidam mo
hinh thanh mot mé hinh héi qui tuyén tinh don gian véi chi bién x6.

> summary (lm(y ~ x6, data=REGdata))

Call:
Im(formula = y ~ x6, data = REGdata)

Residuals:
Min 10 Median 30 Max
-28.081 -5.829 -0.839 5.522 26.882

Coefficients:

Estimate Std. Error t wvalue Pr(>|t])
(Intercept) 6.144181 3.483064 1.764 0.09
X6 0.019395 0.002932 6.616 6.24e-07 ***

Signif. codes: 0O '***' (0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' " 1

Residual standard error: 10.7 on 25 degrees of freedom
Multiple R-Squared: 0.6365, Adjusted R-squared: 0.6219
F-statistic: 43.77 on 1 and 25 DF, p-value: 6.238e-07

Chi v6i mot bién x6 ma mo hinh c6 thé giai thich khoang 64% phuong sai ciia y. Chiing
ta chap nhan mo hinh nay? Trudc khi chap nhan mo hinh nay, chung ta phai xem xét do
tuong quan gitra cac bién doc lap:

> pairs (REGdata)
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Két qua trén cho thdy y 6 lién hé véi cac bién nhu x1, x5 va x6. Ngoai ra, bién x5 va
x6 c6 mot moi lién hé rat mat thiét (gan nhu 1 mot duong thang) voi hé sé twong quan
la 0.88. Ngoaira, x5 va x1 hay x6 va x5 cling c6 lién h¢ voi nhau nhung theo mot ham
s6 nghich ddo. Diéu nay c6 nghia 1 bién x5 va x6 cung cap mot luong thong tin nhur

nhau dé tién doan y, tirc 1a chiing ta khong can ca hai trong mo mé hinh.

Dé tim mot mo hinh t6i wu trong bdi canh c¢6 nhiéu mbi twong quan nhu thé, chung ta g
dung step nhu sau. Chu y cach cung cap thong so0 Im(y ~ .), dau “.” cd nghia la
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yéu cau R xem xét tat ca bién trong dbi tuong REGdata.

> reg <- 1lm(y ~
> step(regqg,

data=REGdata)
direction="both”)

Start: AIC= 134.07 Step 1: AIC= 132.13
y ~ x1 + x2 + x3 + x4 + x5 + x6 + x7 y ~ x1 + x2 + x3 + x4 + x6 + x7
Df Sum of Sqg RSS AIC

- x5 1 4.54 2145.37 132.13 Df Sum of Sqg RSS AIC

- x1 1 23.17 2164.00 132.36 - x1 1 22.7 2168.1 130.4

- x2 1 109.34 2250.18 133.42 - x2 1 113.8 2259.1 131.5

- x3 1 130.90 2271.74 133.68 - x3 1 133.5 2278.9 131.8

<none> 2140.83 134.07 <none> 2145.4 132.1

- x4 1 168.31 2309.14 134.12 - x4 1 170.8 2316.2 132.2

- x7 1 377.09 2517.92 136.45 + x5 1 4.5 2140.8 134.1

- %6 1 681.09 2821.92 139.53 - x7 1 375.7 2521.1 134.5
- x6 1 1058.5 3203.8 141.0

Step 2: AIC= 130.42 Step 3: AIC= 129.59

y ~ x2 + x3 + x4 + x6 + x7 y ~ x3 + x4 + x6 + x7




Df Sum of Sqg RSS AIC Df Sum of Sg RSS AIC
- x2 1 96.8 2264.9 129.06 - x3 1 25.4 2290.3 127.9
- x3 1 122.0 2290.0 129.9 - x4 1 90.9 2355.8 128.7
<none> 2168.1 130.4 <none> 2264.9 129.06
- x4 1 187.4 2355.5 130.7 + x2 1 96.8 2168.1 130.4
+ x1 1 22.7 2145.4 132.1 + x5 1 8.3 2256.5 131.5
+ x5 1 4.1 2164.0 132.4 + x1 1 5.7 2259.1 131.5
- x7 1 385.0 2553.1 132.8 - x7 1 384.9 2649.7 131.8
- X6 1 1526.2 3694.3 142.8 - X6 1 2015.6 4280.5 144.8
Step 4: AIC= 127.9 Step 5: AIC= 126.75
y ~ x4 + x6 + x7 y ~ x6 + x7

Df Sum of Sqg RSS AIC Df Sum of Sqg RSS AIC
- x4 1 73.5 2363.8 126.7 <none> 2363.8 126.7
<none> 2290.3 127.9 + x4 1 73.5 2290.3 127.9
+ x3 1 25.4 2264.9 129.6 + x1 1 33.4 2330.4 128.4
+ x1 1 11.3 2279.0 129.8 + x3 1 8.1 2355.8 128.7
+ x5 1 6.3 2284.0 129.8 + x5 1 7.7 2356.1 128.7
+ x2 1 0.3 2290.0 129.9 + x2 1 7.3 2356.6 128.7
- x7 1 486.6 2776.9 131.1 - x7 1 497.3 2861.2 129.9
- x6 1 1993.8 4284.1 142.8 - X6 1 4477.0 6840.8 153.4
Call:
Im(formula = y ~ x6 + x7, data =
REGdata)
Coefficients:
(Intercept) X6 x7

2.52646 0.01852 2.18575

Qua trinh tim mo hinh t6i vu dimg & mé hinh véi hai bién x6 va x7, vi mé hinh nay c6
gia tri AIC thp nhat. Phuong trinh tuyén tinh tién doan y 1a: y = 2.526 + 0.0185(x6) +
2.186(x7).

> summary (lm(y ~ x6+x7, data=REGdata))

Call:
Im(formula = y ~ x6 + x7, data = REGdata)

Residuals:
Min 10 Median 30 Max
-23.2035 -4.3713 0.2513 4.9339 21.9682

Coefficients:
Estimate Std. Error t value Pr(>|t])
(Intercept) 2.526460 3.610055 0.700 0.4908

X6 0.018522 0.002747 6.742 5.66e-07 **x*
x7 2.185753 0.972696 2.247 0.0341 *
Signif. codes: O '***' (0.001 '**' 0.01 '*' 0.05 '." 0.1 " ' 1

Residual standard error: 9.924 on 24 degrees of freedom
Multiple R-Squared: 0.6996, Adjusted R-squared: 0.6746
F-statistic: 27.95 on 2 and 24 DF, p-value: 5.391e-07




Phan tich chi tiét (két qua trén) cho thiy hai bién nay giai thich khoang 70% phuong sai
cuay.

10.6 Xay dwng mé hinh tuyén tinh bang Bayesian Model
Average (BMA)

Mot van d& trong cach xay dung mé hinh trén 1a mé hinh véi x6 va x7 duoc xem
12 md hinh sau cing, trong khi d6 chung ta biét rang mot mo hinh x5 va x7 ciing c6 thé
12 mot mo hinh kha di, boi vi x5 va x6 ¢ mbi twong quan rat gan nhau. Néu nghién ctru
dugc tién hanh tiép va véi thém sd liéu mai, ¢6 18 mot mo hinh khac sé “ra doi”.

Dé danh gia sy bat dinh trong viéc xdy dung mo hinh thong ké, mot phép tinh
khac c6 trién vong tét hon cach phép tinh trén 1a BMA (Bayesian Model Average). Ban
doc mudn tim hiéu thém vé phép tinh nay c6 thé tham khao vai bai bao khoa hoc duéi
day. Noi mot cach ngin gon, phep tinh BMA tim tat ca cac md hinh kha di (v6i 7 bién
doc 1ap, s6 mo hinh kha di 1a 2" = 128, chua tinh dén cac mo hinh tuong tac!) va trinh bay
két qua ctia cac mo hinh dugc xem 13 “tdi uu” nhit vé 1au vé dai. Tiéu chuan ti vu ciing
dua vao gia tri AIC.

Pé tién hanh phép tinh BMA, chung ta phai dung dén package BMA (c6 thé tai vé
tir trang web cua R hitp://cran.R-project.org). Sau khi da c6 cai dat package BMA trong
may tinh, chung ta ra phai nhap BMA vao moi truong van hanh ctia R bang Iénh:

> library (BMA)

Sau d0, tao ra mot ma tran chi gdm cic bién doc lap. Trong data frame chung ta biét
REGdata c6 8 bién, véi bién s6 1 1a y. Do do, Iénh REGdata [, -1] co6 nghia la tao
ra mot data frame mai ngoai trur cot thir nhat (tic y).

> xvars <- REGdatal[,-1]
Ké tiép, chiing ta dinh nghia bién phy thudc tén co2 tir REGdata:
> co2 <- REGdatal[,1]

Bay gio chung ta dd sin sang phan tich bang phép tinh BMA. Ham bicreg dugc viét
dic biét cho phan tich hdi qui tuyén tinh. Céch ap dung haim bicreg nhu sau:

> bma <- bicreg(xvars, co2, strict=FALSE, OR=20)
Chung ta sir dung ham summary dé biét két qua:

> summary (bma)
Call:
bicreg(x = xvars, y = co2, strict = FALSE, OR = 20)

16 models were selected



Best 5 models (cumulative posterior probability = 0.6599 ):

p!=0 EV SD model 1 model 2 model 3 model 4 model 5
Intercept 100.0 5.75672 14.6244 2.5264 6.1441 8.6120 7.5936 7.3537
x1 12.4 -0.01807 0.1008 . . . -0.1393
x2 10.4 -0.00075 0.0282 . . . . .
%3 10.7 0.00011 0.0791 . . . . -0.0572
x4 20.2 -0.03059 0.1020 . . -0.1419
x5 10.5 -0.00023 0.0030 . . . . .
x6 100.0 0.01815 0.0040 0.0185 0.0193 0.0164 0.0162 0.0179
x7 73.7 1.60766 1.2821 2.1857 . 2.1628 2.1233 2.2382
nvVar 2 1 3 3 3
r2 0.700 0.636 0.709 0.704 0.701
BIC -25.8832 -24.0238 -23.4412 -22.9721 -22.6801
post prob 0.311 0.123 0.092 0.072 0.063

BMA trinh bay két qua ctia 5 md hinh dugc danh gia 1a t6i wu nhat cho tién doan y
(model 1, model 2, .. model 5).

Cot thir nhét liét ké danh sach cac bién s6 doc 1ap;

Cot 2 trinh bay xac suét gia thiét mot bién doc lap c6 anh huong dén V. Chang
han nhu x4c sut 1 x6 c6 anh hudng dén y 1a 100%; trong khi d6 xac suit ma x7
c6 anh huong dén y 13 73.7%. Tuy nhién xac suat cac bién khac thip hon hay chi
bang 20%. Do d6, chiing ta c¢6 thé noéi rang mo hinh véi x6 va x7 c6 18 1a mod
hinh t6i wu nhét.

Cot 3 (EV) va 4 (SD) trinh bay tri sb trung binh va d6 léch chuan cta hé sd cho
mdi bién sé doc 1ap.

Cot 5 1a wéc tinh hé s6 anh hudng (regression coefficient) cia moé hinh 1. Nhu
thdy trong cdt ndy, mé hinh 1 gdm intercept (tirc a), va hai bién x6 va x7. Mb
hinh nay giai thich (nhu ching ta da biét qua phén tich phan trén) 70% phuong sai
ctia y. Tri s BIC (Bayesian Information Criterion) thip nhat. Trong so tat ca mo
hinh ma BMA tim, m6 hinh nay c6 xac sudt xuat hién 13 31.1%.

Cot 6 1a udc tinh hé sb anh huéng cia md hinh 2. Nhu thay trong cot ndy, md
hinh 2 gém 1ntercept (tirc o), va bién x6. Mo hinh nay giai thich 64% phuong sai
ctia y. Trong sb tit ca mé hinh ma BMA tim, mo hinh ndy c6 x4c suat xuét hién
chi la 12.3%.

Cac mo hinh khac ciing ¢6 thé dién dich mot cach tuong tu.

Mot cach thé hién két qua trén 14 qua mot biéu d6 nhu sau:

> imageplot.bma (bma)



Models selected by BMA

1 2 3 4 5 6 7 8 10 13

Biéu d6 nay trinh bay 13 mo hinh. Trong 13 mo hinh d6, bién x6 xuat hién mot
cach nhat quan. K¢ dén la bién x7 cling c6 xuat hién trong mot s6 mo hinh, nhung nhu
chung ta biét xac suat 1a 74%.

Trong vi du ndy, ca hai phép tinh déu cho ra mot két qua nhat quan, nhung trong
nhiéu trudng hop, hai phép tinh c6 thé cho ra két qua khac nhau. Nhiéu nghién ciru 1i
thuyét gan day cho thdy két qua tir phép tinh BMA rat dang tin cy, va trong tuong lai, c6
1& 12 phuong phap chuan dé xay dung mé hinh.
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